One important parameter for a n ultrasonic transducer is t h e echo i t yields from a pointlike reflector. It can be measured directly but there are however certain problems connected with this. This reflector must have such a size that it can be considered a point, which results in a very weak echo and consequently a low SNR. We propose an alternative method to calculate t h e echo from a pointlike reflector by measuring t h e echoes from sliding halfplanes. Using a tomographic way of reasoning, we can calculate t h e single point echo from these measurements. O u r approach was to flnd basis functions t h a t are suitable for the inversion of t h e measurements. These basis functions depend on which norm and weight function you choose. Numerical solutions are given for chosen weight functions and t h e inversion is shown for the measurements.
I Introduction
A very common way of imaging with ultrasonics is to use the pulseecho method [7] . This method measures the distance to an object by estimating time-of-flight] i.e. the time between transmission of an ultrasonic pulse and the arrival of the echo. However, there is more information in the echoes besides the arrival time, such as the slope of the surface at the measured point. In our experiments we have used a focused airborne ultrasonic transducer with a radius of curvature of 45 mm and a center frequency of 1.1 MHz. Two echoes from a plane surface with a sloping angle of 0" and 5" respectively are shown in Fig. 1 . The shape of the echo is dependent on the angle of inclination [2] , as we can see. The focal point has the same distance from the plane in both measurements.
To be able to extract this information, a detailed knowledge of the transducer is required. Since a complicated object may be considered to be an aggregation 1051-0117/92/0000-0639 $1.00 0 1992 IEEE of point objects [5] , the echo from a pointlike reflector would be of great importance. There are however practical difficulties to measure it directly. The object would have to be very small to be considered pointlike and this would result in a weak echo with low SNR.
There is also the effect of diffraction to be considered. We tried instead a tomographic approach. In tomography, the line-integral of a two-dimensional function is normally measured. Methods for inverting these measurement to the original function are known, in a certain extent. The equivalence in our problem would be to measure the echo from an infinitesimal thin line with infinite extent, see Fig. 2 . Instead we chose to measure the echoes from halfplanes, i.e. the integrals of the line echoes. The reason for this is a better SNR and a reduction of the diffraction effect originating from echoes from the edges of the object. The physical width of the line will then not be a problem. 
I1 Theory

A Formulation of the problem
In our experiments we have assumed an axisymmetric focused transducer. The reason for this is simplicity, but the method can be extended to unsymmetric transducers. Suppose that we have a line which lies in a plane parallel to the focalplane and is located at a height z from the transducer. The line has a perpendicular distance p to the axis of the transducer, see Fig.  2 . The transducer works both as a transmitter and a receiver. The echo fx from the line will be a function of distance p , height z and, of course, time t. Since the height z was constant in our experiments and t is only a parameter in our calculations, we will drop them from now on.
Using superposition 151, we can express the echo from an infinitesimal thin line with infinite extent in terms of the single point echoes. Let f ( r ) denote the echo from a single point at a distance r from the axis of symmetry. The echo fx(p) from a line with perpendicular distance p to the axis of symmetry, will then be a line integral of f (I-).
Since the transducer is axisymmetric, we can assume the line to be parallel to the y-axis for the sake of simplicity. The expression in (1) is known as the Abel transform. The inversion of (1) can be found in (11 and is calculated in the following manner:
However, there are practical problems in measuring the echo from a line. An object has to be very narrow to be considered a line, which will yield weak echoes with a low SNR. We will also get diffraction effects from the edges. These problems can be solved if we instead measure the echoes from halfplanes. If we denote the echo from a perpendicular halfplane with fn(p), where p is the same distance as before (i.e. f=(-oo) is a reflection from complete plane and f = (~) from an empty space), we get the following relationship between the line echo and the halfplane echo f&) = s, " fx(q)dq
Inserting (3) in (2), we obtain the final expression
B Decomposition of f r ( p )
The integral (4) can be evaluated numerically. However, since the integrand is singular at its lower bound and we have measurement noise, we cannot evaluate the integral using ordinary quadrature formulae. One way of dealing with this is to use a regularization technique (3, 4) . Another method would be to borrow an idea from tomography. First we approximate the reflecting target to be a circle or a circlesegment. This means that we will neglect all echoes from points further away from the axis of symmetry than a certain distance. Furthermore we will normalize this distance to be r = 1. This results in the approximations 
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As before, p denotes the perpendicular distance between the edge of the halfplane and the axis of symmetry. The reflecting area of the target A, is the integration area and dA an area element. These quantities are depicted in Fig. 3 . To catch essential features of the functions involved we introduce the weighted Hilbert spaces
By doing a singular value decomposition of the operator S [6] , we can find two orthonormal bases {4i(r)} i The error consists of modeling errors, truncation error and measurement noise. The latter is not in K. We therefore project the measurements to the subspace spanned by the functions yi(p), i = 1 , 2 . . . N using the standard inner product and norm. This means that we will do a least square fitting to obtain the coeffi- is a reflection from a complete plane and fir ( CO) is an echo from an empty space. This information should be used in the inversion process. By choosing a weight function W K (~) that becomes very large as p + 1, we will force the basis functions {yi(p)} to be small in that area. A natural assumption for f ( r ) is that f ( r ) = O((l-r)=) as T -, 1 with CY 2 1.
From (5) we can deduce that ( S f ) ( p )
= 0 ( ( 1 -p ) j + " ) as p -, 1. With these observations we can define the weight functions WH(T) and W K (~) in the form (1-r)p and (1 -p) ' respectively, with such exponents / 3 and 7 that f E ' H implies Sf E IC. 
I11 Experiments
We have done our experiments on a perspex block us ing a focused airbourne transducer. It had a radius of curvature R=45 111111, a crosssection radius a=10 mm and a center frequency of 1.1 MHz. In order to measure fir(p) we placed the transducer just above the edge of the perspex block. We moved the transducer over the edge using a coordinatetable and for each position we measured the echo 1000 times. An average of these echoes was then stored in a computer. The sample frequency was 20 MHz and we took 1024 samples which makes the sweep length 51.2 p. This time is enough for the echo to vanish completely. Between each measurement we moved the transducer Ap = 12.5 pm. The perspex block was placed perpendicular to the transducer's movement. After the measurements, we found that the echo's amplitude was in the order of the noise's when the perspex block was further away than 2 m from the axis of symmetry. This is the distance that we normalize to p = 1 in our calculations.
IV Results
For the chosen weight functions we have calculated the approximations of the corresponding basis functions for S. This has been done by computing a weighted SVD. The first three basis functions for W (i.e q5i) and K (i.e. r i ) are shown in Fig. 5 and 6 respectively.
Using these basis functions we have inverted the halfplane integrals fn(p) and obtained the single point echoes. Since f,(p) depends on the time t we will have 
V Summary
In this article we have presented a method to extract an essential parameter for ultrasonic transducers, namely the single point echo (SPE). It is possible to measure the SPE directly by using a point reflector. Due to a low SNR and diffraction effects we have chosen another method. By using ideas from tomography, we measure integrals of the desired SPE instead. In tomography, the line integral would be considered, i.e. the echo from an infinitesimal thin line. We have measured the halfplane integrals instead to improve the SNR. To find the SPE, these measurements can be inverted by decomposing the halfplane echoes in suitable basis functions. These were found by introducing Hilbert spaces with weight functions to use the a priori knowledge of the signals. The basis function were calculated numerically The calculated echo from a point reflector at the focal point and the SPE's were found by a truncated singular value decomposition.
